Kuwait University Math 102 (Calculus 2) June 4, 2011
Department of Mathematics Final Examination Duration : 2 hours

The use of calculators of all kinds is not allowed. All communication devices including mobile
phones should be switched off. Answer all of the following questions.

1. Determine whether the statement is true or false. Justify your answer for credit. (1 pt each)

(a) In|f(z)| is a one-to-one function whenever f(z) is a one-to-one, function.

(b) esc(sin™!(2)) = z for all |z| > 1.

2. Let f(z) = Vsinlz + 2sinz, 0< 2 < 3

(a) Show that f is one-to-one. (2 pts)
(b) Find the domain and range of f~1, and compute f~1(z). (4 pts)
3. Find lim (cothz — 1), if it exists. (4 pts)

o=
1 1
4. Suppose f and f' are continuous on [0,1], f(1) = -1, and f f(z)dz = 2. Find f zf'(z)dz. (3 pts)
0 0
5. Evaluate the following integrals. (3 pts each)

— 2}
(a) /(sina:)"“ﬂ/tﬁd: (b) /@dx

6. Find all a > 0 for which the integral f za~*"dgz is convergent, and find its value when it is convergent.
0

(4 pts)
7. Find the centroid of the region bounded by the graphs of y = sech?z, y =0, z =0, and z = In /2.
(4 pts)
8. Let C be the plane curve parameterized by
z=2%-sin2% y=cos2 0<t< E
(a) Find the length of C. (3 pts)
(b) Find the area of the surface obtained by rotating C about the z-axis. (3 pts)
9. Let C be the polar curve r = v/Bcos6, 0< 0 < 3.
(a) Sketch the curve. (1 pt)
(b) Find the equation pf the tangent line to C at the point corresponding to 6 = %. (2 pts)

(c) Find the area enclosed by C. (2 pts)



Math 102 (Calculus (2}) Final Examination Solution Key June 4, 2011

1. (a) Fals: f{z) =g, 0 < |z} < o, In|f(1)|=In|f(-1)] =0

(b) True: |$‘>1:>0<‘1|<1 CSC(SHIAI( ))*W—é::ﬂ
: : . - T v = fsinz+l)cosx _  (sinz+l)cosw T
2. fis continuous and differentiable on [0, 3] with f/(x) Y A i e g >0 ford<z <3

(a) fis increasing on [0, §] = [ is one-to-one.

(b) F(0)=0, f(F)=v3 Ry=[0.V3]=Ds: Rp1=D;=]0%]
Let y € [0,+/3] and 0 < 2 < § such that f{z) = v/sin® 5 + 2sinz = y. To solve for o, complete the
square and get sinz = —1 £ \/1 +3% But 0 <z < I =sinz > 0, so the solution —1 — /1 + g2
is rejected, and therefore sinz = —1 + /1 + 42, Smce z = sin~lsinzg V0 < x £ %, weget

z =sin"}(y/1 + y2 — 1). Therefore, f~1(z) = sin" {1 £ 2% - 1).

3. cothz — é has the indeterminate form oo — oo as # — 07, Re-write it as

cothz — 1 = m-m;hsﬁl—"h—s:m and the last expression has the indeterminate form % as ¢ — 0T,

{rcoshz-sinhz) _ zsinhz - ainh 2 i siohe _ q: _ ' gl
(xsinhz) * sinkrdzcoshe T amhE oo g! m]iI(I]l+ ER __}ig# coshz =1 by I'Hospital’s Rule

. zeosha—sinhz)’ __ sinhaz L _0_ : _ 1y ¥ ital’
Illr(r}+ L——-—————-;—l-(m h ) 111‘([)1 T ooz =3=0= I11%1 (cotha: 1) =0 by L'Hospital's Rule

4. Put w =z, dv = f'{z)dz so that du = dz and v = f(x)
1 1
Jozf'(@)dz = Jjudv = uv]g - fovdu-— zf(z fa =-1-2=-3

5. {a) Write sinz = cosz tan « and replace (cosz) ™" by secz to get
(sinz)"*vtanz = (cos &)™ (tan )~ (tan a:)% = (tan :c)_% sectz = (tan a:)‘% (1 4 sec? z)secx
[(sinz)™*tanzdr = (1 + u2)u*%du = méu*% ~WE4C, u=tanz, - T<z<}
_ —2 _ =z '
= Svtanaztarfz vtanz +C

(b) Use the trigonometric substitution z = sin, 0 < |9| < %, 80 that dz = cos #df. Then

JA0L - aHde = [l cosoan = 0T gp  [ioaentorintogy

= [ (cscO0—2sinf +sin® 6} df = [ (cscd — 25in @ + (1 — cos® 6) sin6) df

=Inlescd — cot 8| +2cosf —cosf+ § cos® 04+ C

421 -2 — 122+ 11 -2/l -2+ ¢
oA VI—e

SN

3 oo
6. fma_mzdz diverges for (0 < a < 1, and converges for @ > 1 and Jfg;a‘*"ﬂdx =

2kna in such case.
0 0

~1 —i2 P
a¥ -1), fa#1l
Reason: f;$0'32d:r = 22]““ ’ . lim t_z‘{ =0, lim ot = 0, a>t
%—. ifa=1 oo t—o0 oo, O<axl



ln\/i
7. A= Area= [ sech’zdr = sizhz |ln = 3. If C(%,7) is the centroid, then

5 Coshz
Az = lnfﬁx sech? zdz = ztanh z{ln‘f f\/—tanh zdz = ztanh w|l"‘/_ In cosh :r:]})“‘/27 =32In2-In3
z= 51n02 —3In3
2A7 = lnf\/isech4 zdx = ln({ﬁ(l — tanh? ) sech® zdz = [tanhz — { tanh® ]1“‘/E Log=2 .
0

8. We have 92 =2(1—cos2t), %ﬂ ~2sin 2t, (%)2 (%) = 2v/2¢/T —cos 2t = 4 |sin |

(a) L=2V3[;I—cosPtdt =4[5 (sint)dt = —4 (%-1):2(2—\0
() S= 4\/_7rj0 (cos 2t) v/1 — cos 2t dt—8ﬂ'f0 (cos2t) (sint) dt = 87rj0 (2cos?t — 1) (sint) dt
=87rf0 (2cos®tsint — sint) dt = 8m(—% cos® t—i—cosﬂ0 )=8(2-1)

9. The sketch is below.

O 01 02 03 04 05 06 .07

Parameterize C with the éguétioﬁs: T =rcosf = Vlcos?8, y= rsing = v cos fsin 6, 056<L73.
Then

dy Edé (\/@ cos fsin 9) %(#‘7 sin 264-2v/8 cos 26) §in20+40cos20 _, dy
dz %(\/@ cos2 9) #gcog 0—+/B sin 260 = 2cos20-49sin 20 dz

x
4

Tz = % , y= %\/71' are the = and y coordinates of the tangency point

y=1=(@-3iv/m)+3i/1m or dz+4(r-1)y+my/m=0 isthe equation of the tangent line

z
6(1+cos20)df =1 [udv by parts: u =0, dv = (1 + cos26)df
0

O old

%
Area % f 6 cos? 6df 41
0

i

(6 + Lsin26)d6) = 1[= — (36° - §cos20)|2 = L(n? - 4)

o%mla

= 1[6(6 + 1 sin 29)]





